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1. Ve will begin the consideration of the problem with the case of
free flight of a satellite. The equation of motion of its inertia center
C will then be of the form

r=—1r (1.1)

where r = 0C is the radius vector of point C with the origin at the
earth’s center; u is the product of its mass and the gravitational con-
stant.* The forces of nongravitational origin are assumed absent.

The location of the point M falling within the satellite cabin will
be defined by the radius-vector p = CM; its equation of motion will be

* VWe neglect the terms depending on the oblateness of the earth, as
well as the terms proportional to the squares of the relations of the
principal central radii of inertia to the radius-vector r. In taking
into account the latter correction, the following term should be added
to the right-hand side of equation (1.1)
-}—‘1'5"':‘51'- (—%*Eﬁ—*— g—rgr-ﬁc-r—~9°\
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where 8° is the cemtral tensor of inertia of the satellite, ¥ is the
first variant of this tensor (sum of the central moments of inertia),
E is the unit temsor and M is the satellite mass. In taking into
account this correction, the terms proportional to the attraction of
the point by the masses within the satellite should also, apparently,
be added to the right-hand side of equation (1.2).
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rtp=— e (1.2)

By eliminating r with the aid of the equation (1.1) and by retaining
only the linear terms in p, we obtain the equation

p=4(35Er—0p) (1.3)

whose right-hand side characterizes the nonhomogeneity of the gravita-
tional field within the satellite cabin. This represents a variational
equation for the motion of the center of inertia (1.1). Its general in-
tegral, containing six constants representing the elliptic elements of
the orbit

a, e, to, 5, i, ® (1.4)

is known. The derivatives of the radius-vector r with respect to these
constants represent, as is known, the solutions of the variational equa-

tion (1.3).

Having formed certain linear expressions with respect to these deri-
vatives, we obtain the system of functions
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qs = singpe, + cos @ e,

a

Here e, e, e, are unit vectors of the orbital trihedron of the
satellite; e, is normal to the plane of the orbit.

The expression for the radius-vector r is of the form

_a(i—ey
r_1+ecosq), (1.6)

where ¢ denotes the true anomaly.

The constants t, and n denote the time of passing of the perigee and
mean motion {circular orbital frequency of rotation). Taking into

account the well known relations of Keplerian motion (1.7)
. — a2 . nea . . . . . .
p=nl1l—e -, rEyT=atne e =9 e, =—qe, e =0
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we construct now the expressions for time derivatives of the vectors q,

. esin @ 3 at 1 4 ecose@
G=—n {[2v1 TT"““"“)r'}%'+ Y i—a %
n e cosQ
q’=V1_ez r ( smq)e"—*_i-}—ecosq)e“’)
. n sin @ i
;= — V1 7 - (COS(per+me°) (1.8)

+ ecos @) e, + esin ge,]

qq = V1
V1—- = sin ge;, Qs = V__(cos(p—{»e)e;,

The vectors q and ¢, form a system of integrals for the equation of
motion (1.3) of the point M. The square 6 x 6 matrix for the projection
of these vectors on the axes of the orbital trihedron can in the follow-
ing analysis be replaced by two matrices of 4 x 4 and 2 x 2

<

qi-€ q:-€ {gs-€ qu-¢
f!l'ew q.z-eq, (.ls-eq, (.14~eq, -« lqses qe~e3i :B (19\
1€ G2-€ qs-€ Qe-€ | 19s - €3 dgg - €3 o
qi-e, q:-€ qs-e, qi-€

The determinants ’al and ]ﬁ] of these matrices are the Wronskians of
two systems of linear equations of fourth and second orders, obtained by
projecting the vector equation (1.3) on the axes of the orbital tri-
hedron; the diagonal elements in the matrices of the coefficients of the
right-hand sides of these equations are absent and therefore the
Wronskians are constant; they can be easily computed by letting t = ¢

0
and ¢ = 0. We find

[a] = — 2 nt, |Bl=nV1—¢ (1.10)

Thus, the solutions (1.5) and (1.8) are linearly independent; they
remain such also in the case of a circular orbit {for e = 0). This was
obtained by proper choice of the linear combinations of the derivatives
of the radius-vector r with respect to the constants (1.4).

In the following the inverse matrices will be required

y=al, &=p1 (1.11)

The computation of y is somewhat unwieldy but it can be partly avoided
by considering the existence of the coupling of the elements in the
third and fourth rows of this matrix with the derivatives of elliptic
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elements which are known in the theory of perturbation of elliptic ele-
ments. The expressions for the matrices y and § are given in the

Appendix.

The vectors p and p defining the position and velocity of the fall-
ing point M in the cabin of the satellite fixed in a moving coordinate
system with the origin at the center of inertia C are now represented
in the form

8 ]
p=2Ca p=204q, (1.12)
§=1 8=1

Ve will assume that the angular velocity vector o of the Cxyz system
attached to the satellite is known. Then, denoting by p* the velocity
vector of the point M relative to these axes (relative to the cabin),
we have

p=ptoXxp (1.13)
Therefore, assuming here and in the following, that the separation
of the point M from the cabin occurs with a zero relative velocity, we
obtain the initial conditions

t=t, p=p" p=0"Xp° (1.14)

Ve will note that during such shockless separation of the point M
the angular velocity vector w remains continuous. The expressions for
the constants C_ in the solution (1.12) are now written in the form

Cs _ TSICPO . ero 4 732090 . eqo _+_ Ts3o (mo % pO) . ero + ,],“o (mo X PO) . l:;
(S=1,2, 3) 4) (1'15)
Catr = 8i°p° - €3+ bip” (0° X §°) - €3 (k=1,2)

A relatively simple expression for the vector p is obtained in the
particular case when the separation of the point M from the cabin
occurs at the instant of passing through thg per'}gee (t, =ty, ¢ = 0)
and the satellite is at that instant stabilized in the orbital axes

0 _ @ 0

=e .M
(67 = €3¢°). Then (1.16)
s s (1+e)cosg °

"€ T {ecosq

p=[2(2+e) ) . eze;

=] o] 1
1 — et qQ, - 1 —¢ q2:‘? cer +'1—__Eq4?

while in the case of a circular orbit (e = 0, ¢ = nt)

p— po=-¢6; X p’sing — p° (I — cos @) +
+4-3p° - €,° X [(1 —cos@)e, —2 (¢ —sing)e,] (1.17)
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For the circular orbit, in the general case (i.e. for &® # €;n) we
get (it may be assumed t = 0)

p—p° = —-° X p°sing +

e
+ (W —cosg) {— ¢+ [p°- & + 2 xp°) - & [er —
—2[p" &7+ - (0" X §7) - &7 e} —
—3(p—sm@)[p° e+ o (0° X p) - &7, +
+sing {[p7- e+ - (0° X §7) - & (0" —e,) —
— [ e — 4 (07 x ) - ] (6o — 47} (1.18)

For «® = e,n we return to the expression (1.17); in the inertially
stabilized satellite (for ¢t = 0) ©® = 0 and the first order terms rela-
tive to ¢ = nt are omitted.

Neglecting the nonhomogeneity of the gravitational field within the
satellite, and for the same initial conditions (1.14) we would obtain

p=0, p—p =—0°X pnt (1.19)

A comparison with (1.18) shows that the influence of the gravitational
nonhomogeneity is reflected in the terms of order (nt)?.

Returning to (1.18), let the inertial axes coincide with the orbital
axes at time t = 0 (i.e. in the directions e.°, e °, e,) and denote by
y, ®, x the Euler angles defining the directions of the system Cxyz
relative to the inertial system. Ilere y (pitch) is the angle of rotation
about the normal to the orbit plane e,, & (yaw) is the angle of rotation
about the displaced axis e ® (local vertical in the satellite before
rotation), x (roll) is the angle of rotation about the twice displaced
axis e_%: the latter direction defines the axis Cx, while the axes Cy
and Cz will be along the directions of e; and e . Assuming the Euler
angles small, we obtain the following table of direction cosines:

(1.20)
l z | y I z | z y I z

8,° 1 | —9& P e.!cosq)—{-'psintp —®cosp—ysing| Pcosp —sin @
e’ 4 1 —% es i 1 —X
e’ | —¢ X 1 e |sin@—Pcos@ | —Bsing+ ycosg| cosp + Psin ¢

and the expression for the angular velocity vector



6 A.I. Lur’e

,

To=(E o)t (Laa)i+ (E-n)i a2

Now, it is easy to express the running coordinates x, y, z (projec-
tions of p) of the falling point in terms of its initial coordinates x,,
Yo+ 2o- These formulas will contain the angles y, &, x, their initial
values (at the time of separation from the cabin), and the initial values
of their derivatives,

2. A more difficult problem of the falling point in a satellite re-
sults when nongravitational forces also act on the satellite. The acceler-
ation caused by these forces will be denoted by f. Then the equation of
motion of the satellite center of inertia will be

=t (2.1)

The equation of motion of the point M will, of course, remain of the
form (1.2) while upon eliminating r*, in place of (1.3) we will obtuin
the equation

r*s r

"=ﬁ-—(3r"pr‘-p)—f (2.2)

Retaining the terms in the first group in (2.2), the order of magni-
tude of which is g[pl/r = 107% - 10-7 g, is meaningful only for suffi-
ciently small values of ‘f!, i.e. for the forces in the order of, say,
1-10 g per ton. But for such forces as well as for forces exceeding them
by several orders of magnitude (say 1 kg per ton), the f-term on the
right-hand side of (2.1) will be quite small compared to the force of
gravity and, consequently, for small intervals of time (one or two re-
volutions) it is permissible to consider f as a term perturbing the basic
Keplerian motion of the center of inertia of the satellite. Therefore,
letting

r*=r - or (2.3)

where r defines the Keplerian motion and satisfies the differential equa-
tion (1.1), we obtain the nonhomogeneous linear differential equation

) =)

(3r)" = LA (3 AL ér) + f (2.4)
in which f is given for the Keplerian (and not actual) orbit of the
satellite inertia center.

The general solution of the corresponding homogeneous equation is
known. Utilizing the method of the variation of parameters, we let
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& =2 D,(M4, () =X D04, (2.5)

=1

and in order to determine Ds(t) we obtain the system of linear equations

6 s
> D, (g, =0. D D,)q,=f (2.6)
=1 =1

With the aid of the matrices y and & we obtain 2.7)

4 t
D,(t) = 5 (T8 + 108, - [t (=1,2.3,4), Doy = Sbk,f-esdt *k=1,2)

~.

and therefore
ér =0, 6r) =0 tor =1, (2.8)

Let us now consider the geometric sum p + &r; then, neglecting the
terms of the order of the product lp| |8rT, we obtain from the equations
(2.2) and (2.4) the homogeneous linear equation

pHON =53 5T (p+on—(p+n] (2:9)

the solution of which in the form of (1.12) is known. Thus

]
p= D q, C,—br (2.10)
=1

and in view of (2.8) the constants C_ are determined by the same formu-
las (1.15) as before.

The most interesting case is that of aerodynamic resistance. The
acceleration created by this force can be of the same order of magnitude
as the acceleration resulting from the nonhomogeneity of the gravita-
tional field so that the application of the derived relations is fully
justified.

The expression for f is here given in the form

na

f=—A(@r,o)v= —]—/T-—zk(r,v) [esin pe, 4 (1 + ecos ) e,] (2.11)
— ¢

In the case of a circular orbit a very simple calculation with the
above derived formulas yields
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p=p" +M [e,(q;——sincp)-&- 2e,(1—coscp-—~g—q>’)] (2.12)

where p* is determined from the formula (1.18). Neglecting in (2.2) the
terms due to the nonhomogeneity of the gravitational field, we have

— g t—et@')ar (2.13)

;="'f’ [

where p* is given by (1.19). Replacing the vector f(t’) by its projec-
tions on the orbital trihedron of the satellite center of inertia and
noting that the axes of the point t are obtained by rotating the axes
at the point t’ by an angle ¢ - ¢’ about e,, we express (2.13) in the

form (2.14)

t
p=p"—e S (t—t)(E() - e’ cos (@ —¢') 4- T (¥) - &' sin (¢ —¢')] dt' —-
e

t
—e Lt =)= 1(t) e/ sin(@— ) + (1) - e cos (p — @)1

e
For example, in the case of the aerodynamic force (2.11) and circular
orbital motion

ah (a an) e
r

p=p"+——le (sinp—qcosp) + ey (psing + cosp—1)] (2.19)

The lowest terms of the series expansion in the powers of ¢, result-
ing from the presence of the force f, coincide with those obtained from
the formula (2.12). The nonhomogeneity of the gravitational field within
the space of the cabin is in evidence during prolonged falls.

Appendixz. The elements of the matrices y and & are

at 2¢sin @ 2(1 4+ ecosq)
Tn=2"—fp T =0, T!l"—'n../-{—__-_—e;. Tie = "V-i—__—e';

(+ecosq)e+0s9) 1 _ging, ya=YI=% sing,

T = —a
_Vi—2 ef2co89+ecostq
n {14ecos@
3n(t—t) a* {+ecosqp-e |
T:1=V—i‘—~__=-e-%’ﬁ‘ ——*—r_—e?;— sing, TYm=cosQ,
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f

1 £t p—_
Tas = [3 e 0) efsing — vi—é

1= ooy (2e—cos<p—-ecoscp)}

Ts‘m-—i——[ _l/_l_:_"_(2+ecosm)san> l-%(t—t") (1+ecosq>)e]

14ecosg
3n{t—1t) a? 2+4-ecosg . —1
Ta = m -y —esing d=ey » T =%
1 3n(z-_—to) . ecos@ -+ e?costp—2
s n { I —er °50 ?+ Vi—e(l+ecosq)
b 2+ ecos n(t — tp)
Ta = [—-esmcp Vi—ed tfecosq) + ey (1+3005‘P)]
_cospte s Vi—e*smq: _ sing _Vi—Fcoseq
8n T —et B T h{dFecosq) bn 1—et ' T n{l+ecosg)
Denoting
xl;—_qs.eﬂ xg=qs~e,’ z,:(i'-er, q‘ >, xszqs-es, $6=q.3‘e,3

the vector equation (1.3) will be represented by the system of equations

= Q3+ 25, z.s=‘i’1'4+g,.p7 @, W=7,
Ty = — 1 + 74, 5‘54:_6738"‘% zg, z:s=“*,.—i: x5
The conjugate system is of the form
=‘i’yz-“‘2‘?§' Yo Ye=—%n+0W B="5 W
3;2=—‘i>y1+'%' Y Ve=—0—0¥, Ye=—ys

and Yy, =y, (s =1, 2, 3, 4) will be its solutions

. This can be used to
verify the calculations,

Translated by V.C.



